We theoretically study a low-threshold band-edge lasing in three-dimensional photonic crystals (PhCs) with a face-centered cubic lattice structure, using a complex-valued permittivity approach combined with the KorringaKohn-Rostoker method. We show that the lasing threshold at the low-frequency band edge is smaller than that at the high-frequency band edge for the first-order stop band of the PhC. We also analyze the impact of the number of the PhC's layers on the frequency of band-edge lasing and the lasing threshold near the first-order stop band in the ΓL direction, and demonstrate a broad tunability of the lasing frequency with change in the emission collection angle. The obtained results are beneficial for the performance enhancement of tunable, PhC-based chip lasers.
The low-threshold lasing can be observed near the band edges of photonic crystals (PhCs), owing to the enhanced distributed feedback enacted by the reduced group velocity of the PhC modes [1] [2] [3] [4] [5] [6] . Both controlling of spontaneous emission and sustaining of lasing have been experimentally demonstrated in self-assembled threedimensional (3D) opal PhCs by a number of research groups [7] [8] [9] . Such PhCs can be grown in a time span of 3 h [10] and are ideal for lasing applications, due to their simple and low-cost fabrication. Although they do not possess a complete bandgap, an efficient band-edge lasing from all-solid opal PhCs has been proven to be feasible [11] [12] [13] .
A wide variety of numerical methods have been attempted to describe the mechanism of distributed feedback lasing from two-dimensional (2D) PhCs, including plane-wave expansion (PWE) method [3] , finite-difference time-domain (FDTD) method [14] , coupled-wave theory, and multiple scattering method [5] . These methods have different advantages and limitations in calculating the characteristics of PhC lasers. For example, the relatively fast 2D PWE method is only applicable to infinite PhC structures, whereas real devices have finite thicknesses. On the other hand, the FDTD method handles finite-size structures, but requires either high computational power or long computational time. Since a 3D PhC with a complete photonic bandgap is difficult to fabricate using lowcost techniques, the modeling of 3D-ordered, pseudogap PhC lasers is of much practical importance. In this Letter, we study the threshold characteristics of finite-thickness, 3D opal PhC lasers using the fast and accurate KorringaKohn-Rostoker (KKR) [15, 16] method. We unambiguously demonstrate that the lasing threshold is significantly reduced for the eigenmodes in the vicinity of the PhC band edges when compared to the eigenmodes within the band. The dependencies of lasing frequency and lasing threshold on the PhC thickness are analyzed and the pseudogap nature of opal PhCs is taken advantage of, to achieve broad tunability of the lasing mode with the change in the collection angle.
The enhancement in the emission from an opal PhC can be modeled by assuming that the gain is uniformly distributed throughout the PhC's building blocks (i.e., the building blocks are uniformly doped with dye molecules) and may be characterized by the complex-valued permittivity ε ε 0 − iε 00 (ε 00 > 0) [17] . For simplicity, we neglect both the permittivity dispersion and the losses associated with the spontaneous emission. The former assumption is well justified in the study of the effect of photonic bandgap on the emission from a PhC, whereas the latter assumption almost does not affect the lasing wavelength, while resulting in a slight overestimation of the lasing threshold.
The photon dispersion is nearly flat near the band edges, implying that the group velocity is reduced when compared to its values within the band. As a result of this feature, the time of light-matter interaction increases and one may expect an enhancement in the emission from the PhC. Such an enhancement may also be understood in terms of the results of Sakoda et al. [3] , who demonstrated that the lasing threshold ε 00 th (which is a measure of population inversion) is proportional to the square of the propagating mode's group velocity, provided this velocity is much smaller than the speed of light in a vacuum.
Suppose that the population inversion of the gain medium is achieved via optical pumping and the PhC is ready to emit. Then the onset of the PhC's lasing is equivalent to the divergency in either reflectance, transmittance, or the sum of reflectance and transmittance of the PhC [3] . Figure 1 shows such a divergency in the reflection spectrum for the PhC with a face-centered cubic (fcc) structure, containing 20 layers of polystyrene spheres with ε 0 2.5281. The excitation light is assumed to be incident in the ΓL direction, which is normal to the surface of the PhC fabricated using the common selfassembly methods [10] . The reflection is calculated for the same direction and its divergencies at ε 00 ≈ 0.077 and 0.12 indicate the onsets of lasing. The convergent results are obtained using 63 spherical waves of angular momenta l 1; 2; …; 7 and 41 reciprocal 2D wave vectors in the plane wave expansion of the KKR method.
The calculation of the band diagram for the ΓL direction of the PhC gives a photonic stop band between ωa∕2πc 0.58 and 0.63, marked by vertical lines in Fig. 1 . The divergence points in the reflection are seen to be near the two edges of the first-order photonic stop band. Their positions indicate that the lasing threshold of the low-frequency mode is smaller than that of the highfrequency mode. This is due to the fact that the electric fields of the low-and high-frequency modes are predominantly localized inside the high-permittivity polystyrene spheres providing gain and air, respectively. Hence, the interaction between the field and the gain medium is much more efficient for the low-frequency mode, resulting in a lower lasing threshold.
We now compare the characteristics of the PhC's lasing modes for the case of emission in the ΓL direction. The dispersion along the ΓL direction is plotted in Fig. 2(a) , while Fig. 2(b) shows lasing thresholds (solid circles) and respective group velocities (open circles) of the corresponding modes. One can see a distinct correlation between the group velocity and the lasing threshold. As the dispersion curve flattens and the group velocity reduces, the lasing threshold is seen to become lower. Since ε 00 th is proportional to the power of the pump creating population inversion in the gain medium, we conclude from Fig. 2(b) that the slowing down of light near the edges of the first-order stop band brings about nearly a 100-fold reduction in the lasing threshold. A much more significant alleviation of the threshold can be expected for the higherorder (HO) bands, since their group velocities are typically much smaller than those of the first-and secondorder bands. According to Fig. 2(b) , the lasing threshold for such bands can be reduced by almost 3 orders of magnitude.
In real PhC structures, the scattering losses associated with the HO bands are especially high, because the size of the PhC's building blocks becomes comparable to the operating frequency [18] . As a consequence, it is rather difficult to achieve lasing in this region, and the lasing modes near the edges of the first-order stop band attract the major practical interest. We next focus on these modes and analyze the variation in their threshold characteristics with the number N of periodic layers in the PhC.
The red curves in Fig. 3(a) show the frequencies of lasing modes as function of the PhC layers N near the edges of the first-order stop band. As before, the PhC is assumed to have the fcc structure and the calculations are performed for the ΓL direction. The shaded region is the stop band, which is obtained using the PWE method for an infinite PhC. The blue curves on the same figure show the variation of the band-edge frequencies. It is seen that the frequencies of lasing modes and the band-edge frequencies do not coincide for the firstand second-order bands in thin PhCs. This is due to the fact that the wave vector component parallel to the propagation direction is not well defined in thin-PhC samples [17] . With an increase in the number of the PhC layers, the frequencies of lasing modes and the band-edge frequencies become closer and almost coincide with each other and the photon dispersion of an infinite PhC when N exceeds 30. Hence, 30 layers can be considered to be the optimal thickness of a PhC: such PhC is relatively easy to fabricate, while being immune to the finite-size effects.
The variation of lasing threshold with the number of PhC layers is plotted in Fig. 3(b) . Red and blue curves correspond to the high-and low-frequency band edges of the first-order stop band in the ΓL direction. A more than sixfold decrease in the lasing threshold is seen when N increases from 10 to 30. However, adding additional layers to the PhC results in a much slower threshold reduction. This reemphasizes our previous point that a PhC sample with 30 layers is thick enough for lasing applications. The state-of-the-art, low-cost fabrication methods, such as horizontal self-assembly, allow large PhCs (about several square centimeters) with 30 periodic layers to be fabricated within a time span of 3 h.
A remarkable feature of the considered pseudobandgap PhCs is that their lasing wavelength can be tuned by changing the out-coupling emission angle. To enable such tuning, the emission band of the gain medium has to be broad enough to cover the entire wavelength range of the pseudo-bandgap. Figure 4(a) shows the frequencies of the lasing modes for different collection angles measured from the normal to the surface of the PhC made of 30 layers. For reference, the central frequency of the first-order stop band calculated from Bragg's law is plotted on the same figure by the green curve. The variations of lasing thresholds for the two modes in Fig. 4(a) are shown in Fig. 4(b) and seen to be relatively small. Hence, by changing the collection angle, together with the position of the stop band, one can tune the frequency of the lasing mode without significantly affecting the lasing threshold. This feature makes all-solid, low-threshold PhCs good candidates for advanced lasing applications.
In conclusion, we have theoretically studied the effect of low-threshold lasing in 3D PhCs with an fcc lattice. In particular, we analyzed the impact of the PhC thickness on the frequency of lasing mode and the lasing threshold near the first-order bandgap in the ΓL direction, which is of primary practical importance. The lasing threshold near the low-frequency band edge was found to be lower than that near the high-frequency band edge. We also demonstrated a broad tunability of lasing, which may be achieved without a significant change in the lasing threshold. These conclusions hold true for 3D PhCs with all types of crystalline structures and can be used to design advanced, multiwavelength, PhC-based chip lasers for nanophotonics applications. 
